A nanotorus is theoretically described as carbon nanotube bent into a torus (doughnut shape). Nanotori are predicted to have many unique properties, such as magnetic moments 1000 times larger than previously expected for certain specific radii. Its properties vary widely depending on radius of the torus and radius of the tube. Here, we developed a continuum model of nanotorus and obtained a closed form solutions for nanotorus deformation, vibration, and buckling and embedded in an elastic medium. The nanotorus is considered as a continuum model.
Introduction
Since its discovery, nanotube has attracted great attention because of its unusual properties [1] . Owing to its exceptional mechanical properties and low density, nanotube is an ideal material for use in nanoelectromechanical systems (NEMS), which are of great interest both for fundamental studies of mechanics at the nanoscale and for a variety of applications [2] .
Carbon nanotubes are the strongest and stiffest materials yet discovered in terms of tensile strength and elastic modulus, respectively. This strength results from the covalent sp 2 bonds formed between the individual carbon atoms. In 2000, a multiwalled carbon nanotube was tested to have a tensile strength of 63 gigapascals (GPa). This, for illustration, translates into the ability to endure tension of a weight equivalent to 6422 kg on a cable with crosssection of 1 mm 2 . Since carbon nanotubes have a low density for a solid of 1.3 to 1.4 g·cm −3 , their specific strength of up to 48,000 kN·m·kg −1 is the best of known materials, compared to high-carbon steel's 154 kN·m·kg −1 . Comparing its strength stress, unfortunately, CNTs are not nearly as strong under compression. Because of their hollow structure and high aspect ratio, they tend to undergo buckling when placed under compressive, torsion, or bending stress.
A nanotorus is theoretically described as carbon nanotube bent into a torus (doughnut shape). Nanotori are predicted to have many unique properties, such as magnetic moments 1000 times larger than previously expected for certain specific radii, or may be used as a black body whose emissivity or absorbance is almost of 1.0. Its properties vary widely depending on radius of the torus and radius of the tube. It is expected that the nanotorus has also have unique mechanical properties.
Comparing the comprehensive studies on the nanotube with cylindrical nanostructures, the nanotorus has not been well investigated [3] [4] [5] [6] [7] [8] .
Modelling the behaviour of the nanotorus is crucial for device design and interpretation of experimental results. Because experiments at the nanoscale are extremely difficult and atomistic modelling remains prohibitively expensive for large-sized atomic system, it has been accepted that continuum models will continue to play an essential role in the study of nanotorus as a toroidal shells. The validity of using continuum model for nanotube and graphene has been supported by both experimental results and moleculardynamics simulation; all previous investigation on nanotube has indicated that the laws of continuum mechanics are still valid to some extent even in nanoscale. The successful of continuum model to nanotube gives us a confidence to predict that continuum modelling is going to be also valid for nanotori mechanics analysis [7, 8] .
Due to the development of nanopolymer or nanocomposites, considerable attention has turned to mechanical behaviour of single-walled nanotube embedded in a polymer or metal matrix. The Winkler elastic model will be adopted to study the nanotorus embedded in a elastic medium.
Although we wish to formulate the nanotorus using toroidal shell model, unfortunately, mathematically, the governing equations of toroidal shells are very complicated due to their strong variable confidents and singularity at turning point when sin ϕ = −1/α = −R/a; it is very difficult to find an exact solution and numerical solution valid for whole range of 0 ≤ ϕ ≤ 2π, where a is the radius of the toroidal shell and R is the distance from the centre of the toroidal shell to the axes of the shell. The full history and discussion of toroidal shell can be found in [9] .
To simplify the toroidal shell modeling, we have noticed a factor that nanotubes have been constructed with length-todiameter ratio of up to 132,000,000 : 1, which is significantly larger than any other material. It means that nanotorus's α = a/R is very small and delectable! Nanotorus can be considered as a very thin toroidal shell but not a solid ring.
Following our previous work in [9] , after neglecting nanotorus's α = a/R, the general toroidal equation will be reduced to a simple constant coefficient partial differential equation for slender toroidal shells, and this equation can be easily solved in closed form. As a natural extension of present works, we also demonstrated a closed-form solution for nanotorus embedded in elastic medium. In view of the difficulty in the development of molecules-dynamics simulation, the simpler solutions obtained here are really useful for the design device.
Toroidal Shell Model
The nature of toroidal shells with circular cross-section is that one principal radius is constant and another is variable. From Figures 1, 2 , 3, and 4, we have some useful relations as follows: symmetric axes and the normal of the toroidal shell, R 1 and R 2 are the radii of curvature of the principal directions of the middle surface, a is the radius of the toroidal shell, and R is the distance from the centre of the toroidal shell to the axes of the shell. It is important to point out that the second radius 
where the stretch stiffness K = Eh/(1 − μ 2 ) and bending
, E is Young modulus of the nanotorus and μ is Passion ratio. The displacement type governing equations for the toroidal shells as follows
in which, u and w are the displacement components on the middle surface. Note that we have ignored all terms of O(h/a) 2 in deriving the first equation of (2), since we are using the Love-Kirchhoff theory of shells, in which all terms of order higher than O(h/a) are omitted.
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Owing to the complexity of (2), it is very difficult to find an exact solution for a general ratio of α = a/R. In the following section, we will propose a closed form solution of a slender toroidal shell where the ratio is very small and can be omitted.
Nanotorus Shell Model and
Closed-Form Solution [9] As nanotube has been constructed with length-to-diameter ratio of up to 132,000,000 : 1, which is significantly larger than any other material. It means that nanotorus's α = a/R is much smaller than "1", and it means that α 1 and | sin ϕ| ≤ 1, so that the term 1 + α sin ϕ ≈ 1. It gives a possibility for the simplification and removing its singularity of the toroidal shell equations by ignoring the terms with α = a/R from (2). The toroidal shell is called a slender toroidal shell when α = a/R can be omitted. Although we are not able to solve the toroidal shell with arbitrary α = a/R, from engineering point of view the slender toroidal shell is a quite good approximation of general toroidal shells. Mathematically, this simplification can be considered as base of perturbation approach if we take α = a/R as small perturbation parameter.
Applying α → 0 to (1) and (2), we have equations for the slender toroidal shell as follows:
This six-order ordinary differential equations have constant coefficient! Its solution will be in closed form. For unknown reason, the equations have never been derived before. The internal resultant forces and moments are as follows:
Then we have following closed form solution:
where χ is the rotation of normal vector of the middle surface.
We have displacements as follows:
where
The six integration constants C i (i = 1, . . . , 6) can be determined by using boundary conditions.
Closed-Form Solution under Concentrated Loading Condition [9]
In the case of concentrated loading condition, the above solution can be written in a simpler form. Since now q 1 = q n = 0, we have displacement components as follows:
and its rotations:
The internal forces and moments are given by T 1 = aC 1 ,
. As an example, we can apply the above solution (9) to Figure 5 ; the separation displacement deformation of the nanotorus can be obtained as δ Sun 
Nanotorus Embedded in Elastic Medium (Winkler Model)
When the nanotube or nanotorus embedded in composite materials, the nanotorus-matric interaction can be viewed Journal of Nanomaterials 5 as a nanotorus buried in a elastic foundation, which can be described as a Winkler model. There are some investigations on nanotube buried in the elastic medium [7, 8] . Unfortunately, there is no any paper has considered the case of nanotorus embedded in elastic medium. As a natural extension of this work, we will present closedform solution of the nanotorus embedded in Winkler elastic medium. In Winkler model, the loading distribution in normal direction of the nanotorus will be in the form of q n = q − kw, where k is the Winkler constant, which is determined by the material properties of the elastic matrix and curvature of the nanotorus. Here, the dependency of the constant k on the curvature can be neglected as a second-order effect.
After introducing the Winkler model, the governing equation of the nanotorus embedded in elastic medium take the following form:
in which, team q 1 a 2 /K has to be removed in the first equation of (10) since we are not considering the friction between nanotorus and matrix. Then we have
Vibration of Slender Toroidal Shells
The advantage of using the displacement type equations is that we are able to study the deformation as well as the vibration of the shells. For literal vibration, the vibration in the direction of u can be ignored due to its relatively small value. Then equation becomes, by deleting the inertial term (ρha 2 /K)ü,
where ρ is the density of the shell material and the partial derivative with respect to timeu = ∂u/∂t. 
where b i (i = 1, 2, 3, 4, 5, 6) are integration constants and
With the solution of the free vibration problem, any forced vibration can be derived by using the superposition principal of vibration modes. This is a standard operation which has no any difficult.
Buckling of Nanotorus
General speaking, the buckling of toroidal shells is a very difficult problem, and no analytical solution has been obtained. By taking advantage of the displacement form of the governing equations for toroidal shells, we can find its analytical solution of the buckling problem.
The buckling equation of the slender toroidal shell is as follows:
where 
This is the buckling equation for slender toroidal shells, where rotation of normal vector of the nanotorus χ = (dw/dϕ) − u.
It is worth noting that the strain ε 1 = (1/a)((du/dϕ) + w) = −(1/12)(a/h 2 )d 1 is a constant and is independent of q n ; this is a special feature of nanotorus. For a nanotorus undergoing a distributed compressive loading, T * 1 = aq n , T * 2 = (1/2)aq n , (16) becomes
The underlined term can be ignored due to the fact that the ratio α = a/R is very small. Then the buckling equation for a slender toroidal shell becomes
Its solution can be easily found by the theory of ordinary differential equations 
The internal forces and moments are given by 
Using proper boundary conditions, the critical value of q n can be obtained as an eigenvalue of the problem.
Conclusion
In the light of continuum model and the factor of very large length-to-diameter ratio of nanotorus, we successfully formulated the deformation, vibration, and buckling of the nanotorus embedded in an elastic medium by using toroidal shell model. The mathematical complicated equations of the general nanotorus have been reduced to simple differential equations with constant coefficients, which leads to a successful finding of closed-form solution of nanotorus. An example has been demonstrated for the case of concentrated loading condition. All solutions obtained here will be very useful for the future designing nanotori devices.
